The cross-over between diffusion-limited and reaction-limited cooperative behaviour in reaction-diffusion systems is studied through the change of the scaling behaviour of the coagulation-diffusion process. This model is exactly solvable through the empty-interval method, which can be extended from the chain to the Bethe lattice, in the ben-AvrahamGlasser approximation. On the Bethe lattice, an analysis of a stochastic reset to a configuration of uncorrelated particles reveals in the stationary state logarithmic corrections to scaling, as expected for systems at the upper critical dimension. Analogous results hold true for the time-integrated particle-density. The cross-over scaling functions and the associated effective exponents are derived.
Introduction
Relaxation phenomena far from equilibrium continue to raise important questions in fundamental and applied research. Diffusion-limited chemical reactions provide test cases of particular interest, since their evolution is dominated by fluctuations on all time and length scales [41, 9, 28, 30] . Here, we shall concentrate on the diffusion-limited coagulation of a single species of particles, A, which can freely diffuse on an underlying lattice and upon encounter undergo a reaction A + A → A. At the level of a mean-field description via a kinetic equation ∂ t ρ = −λρ 2 for the mean particle-density ρ = ρ(t), one finds ρ(t) ∼ t −1 at long times [61] . A certain degree of universality may be gleaned from the independence of this result from the initial density ρ(0). However, in spatial dimensions d ≤ 2, the kinetics of this reaction is anomalous, since the decay behaviour is different from the mean-field behaviour and rather becomes ρ(t) ∼ t −d/2 for d < 2 and ρ(t) ∼ t −1 ln t for d = 2. In table 1, we list some experimental examples where this anomalous kinetics of diffusion-limited reactions has been observed for effectively one-dimensional systems. Clearly, the 1D decay exponent α turns out to be close to the exact, fluctuation-dominated result α = 1 2 and is far from the mean-field expectation α MF = 1.
On the other hand, in the opposite case of reaction-limited processes, which arises for example for well-stirred systems, mean-field descriptions are adequate. Rigorous upper and lower bounds show that the consideration of a time-space-dependent density ρ = ρ(t, r), and described by a reaction-limited reaction-diffusion equation, does not modify the long-time behaviour of the spatially averaged particle density [28] . Therefore, it is of interest to study the cross-over between the diffusion-limited and reaction-limited extreme cases of simple kinetic models, especially as this cross-over has already been studied experimentally [6] .
Clear and non-ambiguous results of the cross-over between diffusion-limited and reactionlimited collective behaviour are best obtained in the context of exactly solvable models. The coagulation-diffusion model in one dimension, where it is diffusion-limited, can be treated exactly through the well-known method of empty intervals, introduced by ben-Avraham, Burschka and Doering [8, 9] and which since has been substantially generalised [52, 59, 34, 14, 53, 37, 27, 31, 4, 44, 45, 16, 17, 3, 18, 23, 24] . On the other hand, an effective reaction-limited behaviour should be expected for the same model on the Bethe lattice, which is the effectively infinite-dimensional deep interior of an infinite-size Cayley tree such that each site has q nearest neighbours [7, 47] . While for q → 2 one is back to the diffusion-limited case of a chain, for q > 2 the leading behaviour should be reaction-limited and the cross-over between these two regimes can be explored by varying q continuously. Both the Cayley tree as well as the Bethe lattice are material α References C 10 H 8 0.52 − 0.59 Prasad and Kopelman (1989) [48] P1VN/PMMA 0.47(3) Kopelman et al. (1990) [33] TMMC 0.48(4) Kroon et al. (1993) [35] HipCO nanotubes 0.5 Russo et al. (2006) [58] CoMoCAT 0.5 Srivastava and Kono (2009) [60, 46] HiPco nanotubes 0.51(3) Allam et al. (2013) [6] Table 1 : Experimentally measured decay exponents α of the mean particle-density ρ(t) ∼ t −α from diffusion-limited exiton kinetics in effectively 1D systems.
widely used in the context of analytical studies of spin systems and of different chemical reactions [62, 29, 38, 2, 10, 39, 5, 11, 32, 40, 63, 15] , random and cooperative sequential adsorption [12, 13, 11, 42] or branched polymers [26, 54] .
The method of empty intervals has been generalised to the Bethe lattice, at least approximatively [10] , see also [5, 32, 40] . Here, we shall reconsider the analysis carried out in [10] and shall derive the scaling functions which describe the sought cross-over. This will be done in the following two distinct ways.
1. Consider the temporal evolution of a system of diffusing particles which react upon an encounter, with probability one, such that exactly one of those particles disappears. The parameter describing the cross-over will be related to q − 2.
2. It is well-known from the analysis of search algorithms that a stochastic reset may accelerate the relaxation of the statistical system to a new kind of non-equilibrium stationary state [19, 20, 25, 21, 43, 56] , with applications to RNA polymerase [55] . One manybody system for which a stochastic reset has already been studied is the 1D coagulationdiffusion process [18] . Here, we shall study it on the Bethe lattice and shall describe the cross-over towards the chain. In figure 1 we show the first three generations of a Cayley tree. A Cayley tree is created from a central site O. In the first generation, q distinct neighbours are attached to the site O. In the generation ℓ + 1, to each of the sites of the generation ℓ one attaches q − 1 distinct neighbours, such that the generation ℓ has q(q − 1) ℓ−1 sites. After ℓ generations, the Cayley tree has q (q − 1) ℓ − 1 /(q − 2) sites [7] . The Bethe lattice is obtained as the interior of the infinite Cayley tree, after infinitely many generations, such that each site has exactly q nearest neighbours and there is no boundary. The Bethe lattice can be considered being infinitedimensional. It is well-known that on the Bethe lattice, any connected cluster of n sites has n(q − 2) + 2 neighbours, independently of the details of its shape [10, 57] . It is therefore justified to define the time-dependent probability E n (t) of having connected clusters of at least n empty sites (since the number of nearest neighbours of a connected cluster is independent of its shape, it is admissible to characterise E n by the number n of its sites only). Furthermore, one defines the probability F n (t) of a connected cluster with at least n empty sites but connected to an occupied site. Then one has the equation of motion, for all n ≥ 1 [10] 
with the boundary conditions E 0 (t) = 1 and lim n→∞ E n (t) = 0. Herein, Γ is the hopping rate of a particle to a nearest-neighbour site and we assume that if a particle attempts to hop onto an occupied site, then it disappears with probability one. The system of equations is closed by admitting the ben-Avraham-Glasser approximation [10]
Eq. (1.2) is tacitly admitted in [5, 32, 40] . Since this approximation is indeed exact on the chain with q = 2, it is plausible that it should also give reliable results for q close to 2, which is the region we are going to study. On the other hand, for q ≥ 3, (1.2) cannot be correct, since a connected cluster can be cut into two disconnected pieces, even if it is argued that in the q → ∞ limit, (1.2) will hold again [10] . Finally, if one considers as initial state a set of uncorrelated particles such that each site is occupied with probability p, one has initially
The particle density is obtained as ρ(t) = 1 − E 1 (t).
Explicit analytical insight can be obtained by bringing eq. (1.1) with (1.2) to the continuum limit. With a lattice constant a, set x = na such that E n (t) → E(t, x). To take the continuum limit, we must take simultaneously a → 0, Γ → ∞ and q − 2 → 0 such that the limits
exist. Then, in the ben-Avraham-Glasser approximation, from (1.1,1.2) one has on the Bethe lattice the differential equation
where the boundary conditions are already included. The initial condition (1.3) becomes E(0, x) = e −cx , where c is the initial concentration of a set of uncorrelated particles [16] . The sought particle-density is
Therefore, in the continuum limit the coordination number q − 2 ≃ 2λ µ a must scale accordingly, and (1.2) is applicable. The dimensionful parameter λ describes the cross-over from the diffusion-limited case when λ = 0 to the reaction-limited case when λ → ∞. The dimensionless constant µ > 0 describes the diffusion of particles along a single branch of the Bethe lattice.
In [10] , setting µ = 0 and keeping q fixed, a scaling ansatz E(t, x) = Φ(xt −1/z ) was tried, leading to z = 1 and the explicit scaling function Φ(u) = exp −−2 u . The singularity for q → 2 prevents a smooth cross-over from the Bethe lattice to the chain. In addition, although E(t, x) is not a spatial correlation function, x is a spatial length such that z can be interpreted as the dynamical exponent. Then the result z = 1 [10] would imply ballistic transport on the Bethe lattice. Such a result, if indeed true, would be extremely surprising. However, since observables such as the density, see (1.6), are calculated by derivatives at x = 0, it appears doubtful that simply setting µ = 0 is legitimate. Indeed, as we shall see in section 3, fixing µ > 0 is important and gives back z = 2, implying diffusive transport on both the chain as well as the Bethe lattice, as intuitively expected.
The analysis of the system simplifies if a stochastic reset is present which makes the system relax into a non-equilibrium stationary state. We characterise the reset by a prescribed distribution S(x) of empty intervals of size x. For example, one might consider S(x) = E(0, x). The particle-density of the resetting state is c = − ∂ x S(x)| x=0 . In the resulting stationary state, following [18] , the empty-interval probability E(x) := lim t→∞ E(t, x) obeys
Herein, the reset rate r takes the rôle of a control-parameter describing the distance from the free coagulation-diffusion process, since the relaxation time towards the stationary state diverges as r → 0 [19, 20, 18] . Clearly, the stationary density ̺ = − ∂ x E(x)| x=0 . Heuristically, the reset rate defines a time-scale t r , and an associated length scale ℓ r such that on distances ℓ ≪ ℓ r the correlations coming from the habitual dynamics without a reset are found while for distances ℓ ≫ ℓ r the correlations of the resetting state are maintained [18] . The parameter λ controls the nature of the usual dynamics and we shall appeal to conventional cross-over scaling theory [36, 28] in λ for the interpretation of the results. Herein, the reset will serve as a guide for the interpretation of the non-steady-state dynamics.
This work is organised as follows. In section 2, we give the solution of the stationary state problem (1.7) with a reset. In section 3, we study the time-dependent equation (1.5), which in Laplace space is analogous to (1.7). Section 4 presents the cross-over scaling and we conclude in section 5.
Stationary-state behaviour with a reset
Before presenting the analysis of exact solution of the coagulation-diffusion model with a stochastic reset, let us briefly discuss the mean-field result. This should essentially reduce to dimensional analysis. If Λ denotes a length scale of reference, then from the definitions and eq. (1.7) we have the scaling dimensions
and [r] = Λ −2 . Clearly, the particle-density ̺ should have the same dimension as the concentration c. Any other dependence can only enter through functions of dimensionless arguments, hence, obviously, a mean-field particle-density must be of the form
A dimensionless argument r/c 2 can only be invoked in the λ → 0 limit. Furthermore, for small reset rates r → 0, the stationary density should be independent of the density c of the state to which the reset is done. This fixes the form of the mean-field scaling function f MF for small arguments, hence ̺ MF ∼ r/λ.
We now turn to the exact solution of the coagulation-diffusion model with a stochastic reset. The equation of motion is (1.7), with the relevant boundary conditions, where S(x) characterises the empty intervals of the reset configuration, which we specify below. It obeys the boundary conditions S(0) = 1 and S(∞) = 0.
Following [18] , a basis of solutions of the associated homogeneous equation is spanned by the functions λ
λx + µ , where I 1 , K 1 are the modified Bessel functions of order 1 [1] . By the usual method of variation of the constants, we find
where we have used the short-hand notation ξ(x) := r(λx + µ) /λ. Taking the boundary conditions into account, we see that B = 0 and
with u = √ rµ/λ. Hence, the general solution of (1.7), still for S(x) arbitrary, is given by
The stationary particle-density ̺ is
Using the identity [1, eq. (9.6.27)], we can express K 1 as follows
and integrating eq. (2.5) by parts, we obtain the more simple form
For explicit examples, we shall consider here a reset to a configuration of uncorrelated particles, with concentration c. Then S(x) = e −cx which we consider from now on.
In particular, in the limit λ → 0 we are back to a chain, indeed reproduce the known result [18] and cast it in a scaling form
with the scaling variable v = r/(µc 2 ) and the scaling function Q(v) = v/(1 + v). Similarly, for arbitrary λ > 0 eq. (2.6) can be cast into a scaling form 8) with the scaling variables u = √ rµ/λ and w = cµ/λ (such that v = u/w). Asymptotically, we have, where C E ≃ 0.5772 . . . is Euler's constant
The first case merely reproduces, once more, the known result (2.7) of the chain. The other form, however, reflects genuine and unexpected properties of the Bethe lattice.
Eq. (2.9) is derived as follows: first for u → ∞, one uses the asymptotics
where we used the fact that the main contribution to the integral comes from values y ≪ 1. Second, for u → 0, we rewrite the integral as follows
where in the second line, the first integral is evaluated with [50 Finally, going back to the original variables, we find from (2.9) the following scaling behaviour for small reset rates r ≪ 1
Indeed, this is of the generic form argued for above in eq. (2.1) and we also see that for r ≪ 1 the resetting concentration c cancels out. However, we observe on the Bethe lattice a logarithmic correction to the scaling with the reset rate r. This can be interpreted as a correlation effect which distinguishes the behaviour on the Bethe lattice from a simplistic mean-field treatment.
3 Time-dependent behaviour 
where ξ(x) := s(λx + µ) /λ now and E 0 (x) = E(0, x) is the initial condition. The only difference with the reset from section 2 comes from the boundary conditions which now are E(s, 0) = 1/s and lim
Hence, B = 0 and
Using the scaling variables u = √ sµ/λ and v = xλ/µ, that is ξ(x) = u √ 1 + v, we obtain the scaled empty-interval probability, in the following form
The time-space scaling is described by the scaling variable uv = √ µs x, independent of the parameter λ which describes the cross-over between the chain and the Bethe lattice. Since µ > 0 is a fixed dimensionless constant, we read off the dynamical exponent z = 2. This means that on the chain as well on the Bethe lattice the transport is diffusive.
Density
The Laplace-transformed particle-density is ̺(s) = − ∂ x E(s, x) x=0 . It assumes a scaling form
where the scaling variable u = √ sµ/λ. Explicitly
with P 0 (x) = −∂ x E 0 (x) is the initial probability of a connected empty interval of size x, with a nearest neighbour occupied [16] . We choose as initial condition a set of uncorrelated particles of concentration c, hence P 0 (x) = ce −cx .
From this last expression, one can extract the limiting behaviour of the scaling function f ̺ (u) for the two cases of interest: (a) u ≫ 1 which means that the topology is getting close to the chain (λ → 0), (b) u ≪ 1 which means that we are in the mean-field approximation (λ → ∞). First, for u ≫ 1, the asymptotic behaviour of the Bessel function 
Inverting the Laplace transform, we recover the well-known expression for the particle-density on a chain
with the expected asymptotic behaviour ̺(t) t≫1 → (πµt) −1/2 . Second, for u ≪ 1, we start again from (3.6), separate the integration domain and use the short-hand from (3.7). We then shift the integration domain, and in the second term, we also expand the Bessel function for small arguments. This would give, to leading order in u 
with the incomplete Gamma-function Γ(0, x) [1] . When a → 0, one can conclude that only the first term in (3.10) contributes to the leading order. Therefore the particle-density should be recast in the original variables as
Computing the inverse Laplace transform of (3.12a), one would recover the time-dependent particle-density
and which would reproduce the asymptotic mean-field behaviour [10, 5, 32, 40] . Indeed, the mean-field scaling discussed for the reset in the previous section 2 can be taken over almost unchanged, where now s plays the rôle previously taken by the reset rate r. The only change comes from the initial condition (3.3), such that now
However, the derivation of eqs. (3.12) does not properly take into account the presence of logarithmic terms for small values of s in ̺(s), in the limit of large values of λ. Indeed, restituting the original variables into (3.11) and then expanding for λ → ∞, we have
This leading logarithmic term ∼ ln s is the analogue of (2.10) for the reset.
Integrated density
Since an inverse Laplace transformation for the asymptotic form (3.13) does not exist, we need a precise mathematical fact [22, ch. XIII.5].
Definition. A function L(t) is said to be slowly varying at infinity, if L(tx)/L(t) → 1 for t → ∞ and for any fixed x.
Clearly, L(t) = ln t is an example of a function varying slowly at infinity.
is a function varying slowly at infinity and 0 ≤ κ < ∞, then the following statements are equivalent
A direct relationship between f (p) and f (t), analogous to (3.14), only exists for κ > 0 [22] .
This suggests to study the integrated density 2 P (t) :
Therefore, from the above we have
where [50, (3.16.2. 2)] was used.
While for λ → 0 a new discussion is not necessary, we consider the asymptotic case λ → ∞, where from (3.13) we have
and by using [51, (2.5.1.5),(2.1.1.1)] we have for large times
This logarithmic behaviour reproduces the expected mean-field behaviour for the density
without a logarithmic term in the time-dependence of the density.
Cross-over scaling
In order to describe the cross-over behaviour between coagulation process on the Bethe lattice and on the chain, we appeal to the corresponding scaling theory [36, 28] . In the stationary state with a reset rate r, the cross-over is described by the change of the parameter λ from the chain (λ = 0) to the Bethe lattice (λ → ∞). Then the stationary density should obey the scaling form (pure power-law scaling assumed)
where b > 0 is a rescaling factor, φ > 0 is the cross-over exponent and R is a scaling function. Writing this, we treat µ > 0 as a fixed, dimensionless constant. The cross-over between the two scaling regimes is described by
; for x → 0 as λ → ∞ Bethe lattice (4.2) and can be traced through the values of the effective exponent β eff (x) = ∂ ln R(x, 1)/∂ ln x. The change in behaviour should occur around x ≈ 1.
However, in the present case, this formalism cannot be readily applied, since besides the coupling λ, the initial concentration c is a further dimensionful parameter. Since a simple dimensional analysis shows that λ and c have the same scaling dimension, a convenient way to proceed is to introduce a dimensionless initial concentration σ by c = σr
Then from (2.8), the cross-over scaling function can be read off
which is indeed invariant under the rescaling r
, one can identify R (X, σ, 1) with X = rλ −2 such that the cross-over scaling function reads R (X, σ, 1) = σX In figure 2, this scaling function is shown over against the scaling variable X, for several initial concentrations σ. The change in behaviour from β MF = 1 on the Bethe lattice (for X ≪ 1) to the value β = 1 2 on the chain (with X ≫ 1) is seen. We also find that the cross-over is more clearly defined for larger initial densities. This appears natural since for small densities the lattice is only sparsely populated and correlation effects become less pronounced.
The limit σ → ∞ can be explicitly found: changing variables z → zσ in eq. (4.5), we have
Taking the limit σ → ∞, with X fixed, the term z/σ in the argument of K 0 can be neglected, hence
This leads to the asymptotics Figure 3 shows the behaviour of the effective exponent β eff as function of scaling variable X, for three initial concentrations σ. While for large values of X, β eff is close to 1 2 , as expected, its value approaches unity as X → 0. In contrast to cross-over behaviour described by pure power-laws [36, 28] , this approach is logarithmically slow in the case at hand, see (4.8) . In addition, the cross-over becomes more sharp with increasing σ.
A formally similar treatment can be carried out for the time-dependence of the particledensity. Comparing the equations of motion (1.7,3.1) , we see that r and s play analogous rôles.
From (3.15), we have the scaling form of the time-integrated density P (s)s 2 = wP(u, w), with the scaling function (2.8) and the modified definition u = √ sµ/λ of the first scaling variable while w = cµ/λ is kept. This implies that the exponent β of the stochastic reset (viz. ̺ ∼ r β ) and α of the density decay exponent (viz. ̺(t) ∼ t −α ) are related through β = α (4.9)
In particular, if we relabel β eff → α eff in figure 3 , we also have the cross-over of the effective decay exponent α eff between the chain for X ≫ 1 and the Bethe lattice for X ≪ 1.
Conclusions
We have studied the cross-over of the coagulation-diffusion-process between the chain and the Bethe lattice (in the ben-Avraham-Glasser approximation) as an exactly treatable example of the cross-over between diffusion-limited and reaction-limited kinetic reactions. For the understanding of this cross-over, the analysis of the non-equilibrium stationary state coming from a stochastic reset has proved to be a valuable tool. Its analysis revealed that on the Bethe lattice, the near-critical behaviour obtained for small reset rates r → 0 displays logarithmic corrections to scaling as one would expect for a system at its upper critical dimension. Generalising subsequently the treatment to the time-dependent density, it further follows that also the long-time behaviour of the time-integrated particle-density P (t) has analogous logarithmic scaling corrections. From that point of view, it appears to be an 'accident' that the slowly varying logarithmic terms disappear when computing the time-dependent density ̺(t) = ∂ t P (t). The cross-over scaling functions and the effective exponents between the chain and the Bethe lattice were explicitly found for the first time and also display logarithmic terms on the Bethe lattice.
These results were obtained from a careful consideration of the continuum limit, which requires to keep both a priori non-universal constants λ, µ > 0 in the continuum limit (1.4). This double limit requires to take the limit q → 2 of the connectivity in an appropriate way. On the other hand, the cross-over to the chain is lost if one simply sets µ = 0. Then, although a simple scaling ansatz without logarithmic corrections would solve the residual equation of motion, such a simplified treatment would suggest that the behaviour on the Bethe lattice might coincide with simple mean-field-theory. Our more precise analysis has shown that this is not the case.
It would be of interest to compare the explicitly known cross-over scaling functions of ̺(t) and P (t) with experimental data [6] .
